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1.   Introduction, 

The  classical  theory  oi"  buckling  of  columns  is  based 
upon  the  assiAmption  of  small  deformations  and  cross-sections 
of  dimensions  so  small  as  compared  to  the  length  that 
simple  bending  formulae  are  applicable.  By  analyzing  the 

change  in  strain  energy  caused  by  small  perturbations  from 

2 
the  simple  compressed  state^   buckling  criteria  can  be 

derived  which  are  valid  for  large  strains  and  cross- 
sections.  The  derivations  are,  however,  generally  based 

■3; 
upon  the  classical  formula^  for  strain  energy  density. 

Prof.  John  admits  a  wide  class  of  strain  energy  density 
relations  which  includes  the  classical  (termed  by  him 
"standard")  but  does  not  include  strain  energy  density 
functions  of  the  tj'pe  suggested  by  Murnaghan.-'  When 
I  first  considered  these  latter  density  functions,  I 
carelessly  assumed  that  they  fitted  experimental  results, 
particularly  those  obtained  by  Bridgman'  for  high  hydro- 
static pressures,  more  closely  than  the  classical  density 
function.  Re-examination,  however,  indicated  that  this 
was  true  only  for  the  more  complicated  formulae  in 
Murnaghan ' s  article  which  involve  more  than  two  elastic 
constants.  Murnaghan 's  simpler,  two-constant,  strain 
energy  density  function  actually  gives  poorer  agreement 
with  the  available  experimental  data  than  does  the 
classical  density  function. 

The  present  paper  covers  the  evaluation  of  plane 
strain  buckling  criteria  in  a  rectangular  column  assuming 
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the  strain  energy  density  formula  derived  by  Murnaghan 
which  is  closest  to  the  classical  (involving  two  invariants 
of  the  strain  matrix  with,  therefore,  two  elastic  constants 

corresponding  to  the  Lame  constants).   Since,  in  a 

7 
certain  sense,   the  Murnaghan  formula  is  simpler  than  the 

classical,  it  was  hoped  that  analysis  would  prove  easier 
and  thus  more  difficult  problems  could  be  resolved  by  its 
use.   This  was  found  not  to  be  the  case.   In  fact,  for 
the  particular  problem  here  considered,  I  could  only 
obtain  a  series  solution  when  working  with  Murnaghan 's 
strain  energy  density  whereas  I  was  able  to  obtain  an 
explicit  solution  for  the  equivalent  problem  using  the 
classical  density  function.  As  expected,  the  Murnaghan 
formula  leads  to  smaller  values  of  buckling  strains 
than  does  the  classical  and  the  difference  is  unimportant 
for  small  strains  at  buckling  (small  cross-section  dimen- 
sions compared  to  length)  for  which  both  reduce  to  the 
well-kno\7n  Euler  condition  for  buckling  of  columns . 

I  am  indebted  to  Dr.  Sensenig  for  careful  perusal 
of  my  original  manuscript  and  constructive  criticism  on 
a  number  of  points.   I  must  also  express  my  gratitude  to 
Prof.  Stoker  for  his  unfailing  encouragement  throughout 
the  study. 
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2 .   Strain  Energy  Due  to  Perturbations . 

The  Murnaghan  strain  energy  density  formula  here 
used  Is: 

8to  =  ?,[{l+e3_)2  +  (1+62)^  +  (1+e^)^  -  3]^ 

+  2M.{[(l+e^)2-l]2+  [(1+62)2-1]^+  [(l+e^)2-l]2)  , 

In  which  e,  ,    ep,  and  e^  are  the  strains  In  the  principal 
directions  at  any  point  In  the  strained  body  and  A  and  u, 
are  elastic  constants  (Lame) .   This  may  be  compared  to  the 
classical  formula: 

Sod  =  A(e3_+ e2+ e^)^  +  2M,(e^  +  e2 +  eH)  . 

We  consider  a  column  of  rectangular  section  vjlth 

ends  constrained  to  remain  plane  and  parallel.   It  is 

further  assumed  that  there  is  zero  shear  forces  over  the 

ends  and  no  forces  on  tv;o  opposite  faces.   The  other  two 

faces  are  constrained  so  that  the  normal  strain  to  these 

faces  is  zero  (e^  =  0)  in  the  simple  compression  condition 

prior  to  buckling.   It  is  further  assumed  that  the  only 

admissible  perturbations  are  those  for  which  e^  =  0  thus 

reducing  the  problem  to  tvjo  dimensions.   This  is  the  same 

o 
condition  as  assumed  by  Fritz  John. 

We  take  Cartesian  coordinates  x,y  with  the  x  axis 

as  the  axis  of  the  column  and  the  y  axis  perpendicular 

to  the  free  faces .   x  is  zero  at  one  end  of  the  column 

and  L  (the  length  of  the  column)  at  the  other,  y  is  zero 
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at  the  center  of  the  cross-section  and  +h/2  at  the  faces. 
Both  X  and  y  refer  to  the  unstrained  column.   In  the  x,y 
plane,  vje  take  displacements  from  the  unstrained  position 
as  u  along  the  x  axis  and  v  along  the  y  axis  so  that  point 
x,y  moves  to  x+u,  yH-v  after  deformation. 
Now 

rfT+f^-1  +  fl+e_11  =    fP+u  +\  ,   .  ,„ 


[(1+e^)  +  (l+e^)]^  -  (2+u^+v  )^  +  (u  -v^^J^ 


and 


Hence 


[(l+e^^)  -  (l+e^)]^  =  (u^  -  Vy)2  +  (Uy-fv^)2 


(l+e^)^+(l+e2)^=  \[  (2+u^^+Vy)^+(Uy-v^)^+(u^-Vy)^+(Uy+v^)^] 
[(l+e^)2-(l+e2)^]^=  [(2+u^+Vy)2+(u^.-v^)2][(u,.-Vy)2+(Uy+v^)2] 

Thus 

8co  =  (A-liJ.)[(l+e^)^+(l+e2)^-2]2  +  n[  (l+e^)^-(l+e2)^]^ 
and 
32co  =  (A+J.)[(2+u^+Vy)^+(u^^-v^)2+(u^-Vy)^+(Uy+v^)^-4]2 

+  4u[(2+u^+Vy)^+(u^^-v^)2][(u^-Vy)^+(Uy+v^)^] 
Let 

u  =  -  ex  +  P(x,y) 

V  =   E  y  +  G(x,y) 
where 

P(0,y;  -  F(L,y)  =  0  . 

Then  e  determines  the  geometric  boundary  conditions  at 
the  ends  of  the  col\imn.  Differentiating: 
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u^  =   -  e  +  P^ 


u       =     F 

y  y 


^x     =     ^x 


V       =    £     +   G 

y  y 


and 


32a>  =    (A-h.i){[(l-e)+(l+£)+(P,.-tO^)]2+[(l-e)-(l+£)-KP.rCv)]^ 

^    y  -c    y 

y  -^ 

+  V{[(l-e)+(l+e)+(F^-KJy)]^   +   (Fy-G^)^} 

•{[(l-e)-(l+£)+(P  -G^)]2  +   (F  +G^)2} 

X      y  y        X 


or 
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X  y 
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+  i|{(l-e)[(>.+2uL)(l-e)^+A(l+e)^-2(A-fu.)]F^ 
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+  2{[:-(?v+2p.)(l-e)^  +  A{l+£)^-2(A-hJL)]F^^ 

+  [A(l-e)^+3(A+2M,)(l+e)^-2(7v+u,)]G^ 

+  [(A+2p.)(l-e)2+(A+2u)(l+e)^-2(A-Hi)](F^-K},^) 

+  4A(l-e)(l4€)P„G^^  +  4^i(l-e)(l+£)P  G  ) 

+   4[(A+2u)[(l-e)F  +(1+£)G^1(f/  +  gJ  +  fJ   +  g/) 

-  2M.[(l+e)F^  +  (l-e)Gy]  (P^G^  -  PyG^)} 

+  {  (?.H-2a)(F^  +  g2  +  p2  +  g2)2  _  4g.(P^Gy  -  F^p^)^]    . 


For  simple  compression  (P  =  G  =  0),  minimum  energy 

requires : 

1^  =  0 
do 


or 


(A-HJ,)[(l-e)2+(l+£)2-2]  =  u.[(l-e)2-(l+s)^] 


or 

n+£^2  _  T    A[l-(l-e)2] 


That  simple  compression,  vjith  this  value  of  e,    satisfies 
both  equilibrium  and  boundary  conditions  is  easy  to  show. 
The  X,  y,  and  z   axes  are,  obviously,  principal  directions 
of  strain.  Therefore,  there  are  no  shear  stresses  on 
the  ends  or  faces  of  the  column,  nor  on  any  internal 
parallellopiped  parallel  to  the  axes.  The  stresses  in 
the  directions  of  the  x  and  y  axes  are  given  by  -^   and  -^ 
respectively  and  are,  therefore,  constant  throughout  the 
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column  so  that  the  latter  Is  internally  In  equilibrium. 
Finally,  the  above  value  of  s  corresponds  to  zero  4~ 
so  that  there  are  no  normal  stresses  on  the  free  faces 
of  the  column. 

The  above  value  of  e  makes  the  coefficient  of  G 
vanish.  Also,  since  P  =  0  at  x  =  0  and  x  =  L: 


j  P^  dx  =  0  . 

0 

The  critical  condition  is  one  for  which  there  exist  small 

perturbations  which  reduce  the  total  strain  energy.   It 

therefore  suffices  to  consider  the  lowest  order  terms, 

which  are  not  identically  zero,  in  such  perturbations. 

These  are  the  quadratic  terms .  Ue  thus  need  only 

consider  the  change  in  energy  given  by 

h/2  L 

AW  =   /    /  Q  dx  dy 

J 
-h/2  0 

and,  substituting  the  value  for  (1+e)  , 
Q  =  [(X^6A;.H-5ugUl-e)g-a.(X4u)1  /^     ^   [2(XH,.)-Ml-e)2]a2 
+  n(l-e)2(F^  +  G^)  +  2(l-e)(l+e)(>vF^Gy  +  nPyO^)  . 
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3'      Conditions  at  Critical  Strain. 

The  column  will  buckle  when  there  exist  functions 
P  and  G  which  satisfy  F(0,y)  =  F(L,y)  --=   0  but  make  AW 
negative.  The  critical  strain  Is  such  a  value  of  e  that, 
for  all  lower  values  of  e,  the  column  is  stable  and,  for 
all  higher  values,  the  column  buckles. 

If,  in  the  expression  for  AW,  we  change  variables  to 

"   h   ' 


we  obtain 


AW  -   /   /  Q  d?,  dTi  , 
-1/2  0 


wnere 


n   [  (A^+6Au+6^^)  (l-e)^-2LL(A4u)l  h  „2 

y  _  _^__  .  _  ^^ 

+   [2(A+a)-?.(l-e)2]^  G^  +  u(l-e)2(^p2^  hQ2j 

+  2(l-e)(l+s)(?v  P^^G^  +  u  P^  G^)  . 

The  only  waj'"  in  vjhich  the  column  dimensions  enter  in  AW 
is,  therefore,  in  the  form  of  the  ratio  of  h  to  L. 
Columns  for  which  this  ratio  is  the  same  thus  have  the 
same  critical  strain  e. 

As  for  the  corresponding  analysis  using  the  standard 
energy  formula,  we  now  change  variables  to 


anoi.-lonr/i   jclxs   on.scui  aerhr  t  ijlrufcT  iXJfcw  '    o   srlT 


X 

'      J 

'.        "T 


I  2"  ,r. 


ri.csJ'GO  jw 


VJa 


=-■   0 


!' 


(,o  ^-E  1-  -!-     n.;^  /}(3-rj:) (9-1)2  -^ 


rr 


iw 


^'.-.'V 


nl    ••':--? jfio   Eaol3:-i-:nTl:b  rsn-fi;Ioo   o;!:^    -{.oiriw  nx  v^?v/  ^■^'"^'3   -'"iT 


.3  nlE^ija   Iboxoxi.o   L^ir.'se 
.   sji  ai:3YX£r:s  ;  'xc'i   sA 

O.J  vron  5VT 


where 


and  take 


9  =  -^  X     v;ith  range  0   to  tt 
(j)  =  —  y     v;ith  range   -  -^  to  -^ 


^  -  TT 


P  =  ^  F.^{^)    sin  n9 

G  =  Gq((1))    +^  G^(ct))    cos   n9 

which  are  conslstant  with  the  boundary  conditions  at  the 
ends  of  the  column.   The  orthogonality  properties  of  the 
trigonometric  terms  then  permit  us  to  write: 
L 


fQ6x=^   [Rq{^)    +:>_  R^{^)] 


where 


0 

2 


,2- 


Rq  =  2Gq  [2(A4a)-  (1-e)^] 
p  _  n2w2  [(A6Ai.L+^u,^)(l-e)--2a(A-fu)l 

+  G;^2[2(A+^)-A(l-e)2]  +  u(l-e)^(F;^2+n2G2) 
+  2n(l-e)(l+£)(>.F^G^-u,F^Gj^) 


in  which  primes  denote  differentiation  with  respect  to  c|). 

Each  R   contributes  to  AVJ  independently  ,    having  no  common 

terms  with  any  other.  We  are  interested  in  values  of  e 

for  which  we  can  have 

H/2 


^^^n  =  I  /^n  ^'^  ^  0  • 


-K/2 


^  a 


'T  -,  ■*'.? 


DflJB 


O'i.j   I'j   ao.'.j'^j^'qo'iq  x.illBiiyj^oi.j'io   -i.iT      .niriuXo   o>'j"  "lo   abas 


STI^.-fW 


r: 


n  -     M 


Q 


vj.-!q)-^(9-r).u  +    f-^(r^"I)A-(.i:-!-A)'2]'''0  + 


r^ 


1  i    j1  jl  I    n 


on  saxvc.i    ^   vldr.abnyqobnl  17A  oci    serfucfx'^j-noo      H  r[o£3 
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Obvlouslyj  AWp^  can  never  be  negative.   Furthermore, 
If  we  change  the  variable  In  AVJ  to 


we  obtain 


In  which 


(j)  =  n<|) 


2   V2_    - 
-H/2 


H  =  nK 


and  R  Is  Identical  with  R,  except  for  the  subscripts 
on  F  and  G.   The  inequality 

AVJ   <  0 

for  a  column  of  parameter  H  therefore  leads  to  the  same 
value  of  e  as  does  the  inequality 

AW^  <  0 

for  a  column  of  parameter  nH^  i.e.  a  column  whose  h/L  is 

n  times  as  great.  We  may  thus  restrict  further  analysis 

to  the  inequality 

F/2 

AV/^  =  I  7   Ri(Pi,G3_,F{,G^,e)  dcj)  <  0 

-H/2 

and,  from  this  point  on,  drop  the  subscript  "1"  from  the 

quantities  involved.  We  also  ignore  the  positive  factor 

7r/2. 

AW  is  minimized  for 


and 

SR  _  /c)R  X  ' 


r_ 


o':rcr!i''.'3'".H".:i''I 


o"i   D,:  'i :>■./■■ 


r:i 


'H    -    V 


O'-   -.1 


.^>b   ^H     \ 


v/.::^ 


:\.':£^:tJo  9v; 


L;J:^oac;:.-a   sad-   'T'T''    7'^'::o:-^7    ,  i"!  '[:^^vr  Ijj^^ictriSbi    E- 


r';:.J:rIv/  ni; 


Ibr.B 


;ill;2;jp9ax   S'lT      .0  bas  "il  ::C 


El-  J\ 


caorsvf  ftnL'J 


5m£'i£q  'io  nr;"Xjo   b 


:is"  iSuB  ■T:9;i"r'\L':    cr^i-v JS'^'i   cu.j     ^-h! 


Yiil^i^T-";  i:   3w::t  oc 


.Irh    (.^^0.^^._^■0.,'^),-■T     \      I 


-I'.'A 


L-  \'.T 


'xr/i    bDsIiiiJ;:.!J.:i   ;:;-l    IvA 


a-- 


x:  J 


«  -1    ,  'jr 
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That  Is 


and 


F  +  A(l-e)(l+£)G 


=  u(l-e)S"  -  n(l-e)(l+e)G' 


u(l-e)^G  -  ^L(l-e)(l+e)p' 


[2(A-HJ,)-A(l-e)^]G   +  ^(l-e)(l+e)F' 


or,  eliminating  and  substituting  the  value  of  (1+e)  : 


(A+2a)(l-e)^[2(A-Hx)-A(l-e)^]G^'' 


+  2[2(A-fu)^-5(A-Hx)^(l-e)^+(2?v^+2?\u-ii^)(l-e)^]G" 


+  (l-e)^[(A^+6?vii+6|a^)(l-e)^-2iJ,(?v-Hx)]G 


=  0 


Let 


then 


and 


making 


where 


5  =  e  -  -g- 


(1-e)'^  =  1-26 


n4<^2  _  (A+2ii)+  27.5 


aG^^  -  2bG   +  cG  =  0 


a  =  (A+2u)(l-2o)[{A+2n)+2A5]  >  0 


b  =  (A+2n)^  -  26(A^+6v+7g,^)-^5^(2A^+2;\|i-M,^) 


so  that 


c  =  (1-25)[(A+2m.)^-2  6(A^+6Ah+6m.^)] 
ac-b^=  45^(A-lu,)^[(3A+7|x)-45(A+5^i)-^5^(5>v4iJ-)] 


D(  3+1)  (d--x)/:   + 


ffi^-  0^u:-^(3-i)(^i;^+. 


JUS+A 


'\ ' 


^rL'){'i-l)il    - 


"T>(.-r), 


'^(--hJ-)(o-r;.M  -  i:r;j-i)ii 


'^(3+1)  (■:-!)/:  +    '  Q[-{o-L)A-(sjti-A)2]    = 


b."i£ 


:-(-rJ:^    ■> 


3.'' 7    ;-)iiJ::^.i:-';'i;:/3cfus   JhIB  :?,n. 


la    x'-X'j 


'^^of  ■■'  ( 3-1 )  /v'  ( iJ^^ )  j;  j"'  ( ?-  c )  ( jjs-f 0 


D['(o-I)  (^■<.i-j.iA«^-^AS)-{-^(r>"l)-(i;f/0'-^(i!^/0S]3   + 


:^  -   r.:  (jj^-A)«.;9-"('D-.r)(".u-+ijXN^A)]'^(9-I)   -i- 


-.^&J 


J:} 


--    I 


-  c 


-I) 


11^  ^(?+X) 


biiB 


i:jl  .':.rn 


n       r-i    r 


-    Sn   -r      ijd^ 


vx, 


'JC, 


<  [  a^s-!- ( ss-i-A )  ]  { (.^"1 )  ( iiS+;': )  -=  B 


^AS)^64l-(^ilT+i^'^^'+'"^/;)c2   -  ^(ij9+A)    =   d 


;W 


f(^i|^-K!-^M-^ 


■I)    ~  o 


'r'[:f   OS 
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4.   An  Upper  Limit  of  Stable  Strain. 
If 


then 


Now 


.  .  \/(A+5|x)^+(3A+7ii)('^>-HJi)  -(A+5li) 

5  >    2T5X+fn 

-  ^V(A-Hx)(A+2li)  -  (A+Su) 
2  ( 5A-HJ. ) 


b^  -  ac  >  0  . 


II  =  -  2[(A^+6Aa+7u^)  +  45(2A^+27^ii-u.^)  ] 
<  0  for  all  admissible  5  (0  <  5  <  1/2) 


2 

Hence,    for   3   such   that  b   -  ac   >  0, 


b(57\-HJ-)^   <    (>^+2n)^(^A-Hi.)^-(^A-Hi)(A^+^?vU+7n^) 


[4  V(A-Hi)(A+2a)    -    (A+^u.)] 


(2A^+2M-u^)[4V(A+a)(A+2M.)    -    (A+5i^)]^ 


4  ( A-Hi )  [  ( A+2n )  (  A^-7Am.-12u^  ) 


+   (  A^+6Au+17u.^  )  V  (  7^-HJ-  )  { A+2iJ. )    ] 


_<  -  it(A-Hi) '\/'Tf2!l  [  (7\^+6>(i+17u,^) //vhI 


-    1  A   -7Am.-12|J.-  i  VA+2M.    1 
But 
(A+M.)(A^+5?vU+17M.^)^  =  a"^  +  IJaV   +  82?v^a^+274'X^UL^ 

and  +  ^?5  >^t^^  +  289  u^, 

(A+2u)(a2-7Au-12u^)^=:  a'--12aV-3A^11^+218a^uVi-80Au.^+288h5 
so  that 

b    <  0    . 


Lj£±±LzAit ''  '  '  ^        ^ ^-^ ■  /  '■/  <  n 


(x'C■^A)   -  -r-r— -"-y\,  ^ 


0  ■<   or   -   ""'c 


:5..-f:t 


v;ol'I 


.(£:   J:   >   d   >   0)    d   eirfieairnbr;   lis  ':£07      0  > 

(  ^ii^I-uK^-^n  )  ( i!:''+/<^ )  ]  (  iH-A" )  ^   -   - 

'-ji^RS-!-''^;  ""   "^    '         "^D^Aci-'/ASi:-''.-:  ^^(^-1.(21- uay-^a)(j£+'0 

.    0  >    d 


-1> 


Hence,  one  pair  of  roots  of 


4      2 
ax  -  2bx  +  c  =  0 


Is 


=  ±  1  a 


where 


r^. — 

2   -  b  +  yb  -ac  ^  p, 
0,   =  i >  0 


and  an  admissible  value  for  G  is: 


making 


But 


Tbus 


and 


G  =  A  cos  a(t>  +  B  sin  a(j) 

G'  =  -  A  a  sin  o.^   +  Ba  cos  a^kf 
G  =  -  Aa   cos  at|)  -  ECt   sin  a9  . 


(A+u)(l-e)(l+£)P'  =  !x(l-e)^G  -  [  2(7\+u)-A(l-e)^]G" 


F'  =  I(A  cos  a(t>  +  B  sin  ak) 

P  =  -  (A  sin  ai  -  B  cos  a<i>) 
a 


where 


I  = 


li(l>e)^-h:o^[2(7v-Hi)-X(l-e)^l 
(X-m)(l-e)(l+e) 


Moreover, 


10 


H/2 

Tr  d(|)  =  {M-(l-e)^FP'  +  [2(A-fM.)-A(l-e)^]GG 
-H/2  ^,/2 

+  (>.-u)(l-e)(l+£)FG} 


-H/2 


so  that 


_.'•'■  r_ 


":c    4'!'':''i  lo   'ii£c:  ono    .aons'-f 


919rfw 


p. 


.£> 


?,x   0  10":    oul&v  sIdlBslinbB  as  bns 


(^  -   ri?    C  +    0;o  20 D    /.    =    D 


:inxj<£fn 


(': 


j.^   -i-    civ;.    r;i;:-; 


q)X)  nl3   "■'^jS   -•■   '!)»  ao:: 


II       r 


D[-^(9-l)A-(j.ri-/C)?:]    -    l)-(e-l):     -     '^f?-!-I)(r.-l)(;>fK) 


f;jS 


sjrlT 


^  i 


lia      ?     -7-      'i'  0     S-':        :v)I 


'■;":>  Tioo   P    -    1'.: 


-.     f  T! 


)    1  =  ^ 


foriB 


1 


.0        C 


."■li-ii  =   T 


9'-c);iW 


.■'xovro'-xoii 


2\H 


i  rnrr 


C-\  T.r 


[0^1(3+1)  (9-1)  (.U-/^)    H- 


:i£.-'o   01 


-14- 

AW  =  L(A^-B^)    sin  aH 
where 

2 

L  =  ii(l-e)^  ^  -   [2{-K-hx)-Ml-e)^]a   +  (A-u)  (1-e)  (1+e )  | 


^  {  (l-25)[A^(A+2u)+25(A^"-2Aix^-2u,^)] 


a(A-fu)^[(?^+2u)+2A5] 


But 


Hence 


-   2a^[  ( A+21J. )  +2A0  ]  [  A  (7v+2u )  +25  ( A^+2?^u+2u^)  ] 


+  a    (A+2iJ,)r(?v+2ii)+2A6]-) 


4            2lDa^+c 
a      = 


Thus  L  ji^  0  except  for  the  single  positive  value  of  5 
which  satisfies 

(A+2n)  -  5(A+5a)  -  26^(5A4a)  =  0  . 

Also  sin  aK  ^   0  except  for  the  particular,  isolated  values 

of  5  vjhich  make  aH  a  multiple  of  tt.   Thus  L  sin  aH  /-   0 

except  for  special,  discrete  values  of  5 .   If 

L  sin  aK  <  0,  then  AW  becomes  negative  by  choosing  B  =0, 

A  f^  0 .      If  L  sin  aH  >  0,  then  AW  becomes  negative  by 

choosing  A  =  0,  B  7^  0 .   Hence,  for  any  H,  no  matter 

how  large,  buckling  occurs  for 


•I  r_ 


n  ,•-, 


iir-  alB    (-L-'^/OJ  -  V!^ 


0'aD"!w 


^   r:H-I)(9-I1f.!i-'-)   +   r[^(c-.L).C-{j,H-A)S!    -   ^  -D-U  -  J 


[  (  ^j.i?-^iiXS--/0  oS-r  ( J.j9+/^ )'^A  J  {  o'il-i  )  ] 


C  4 


-      n 


3  !jri 


uor^Oi-f 


o 


ao±?3i::t;ia  rioiriw 

^0=^-  a  T^cis.^ocKlo   -'1,6  ov.t-£^or;   R.n.i^'.';oc:  \JA   :.v-::f    ^0  >   :iij  Ilia  J 
v.-^   07.::  Bijsn   aaiTioned  I.'.'.-.  >:oi'.j    ,0  -^  ;i>o  r;.i:a  J  "il      ,0  -V  A 
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R  ^  ^  1/ ( A-Hi  )  ( A+gg  )  -(A+51L) 

5  > gTEvHll 


=  -j^   for  7v  »  u 


■i  -/5  -  i  =  .316  f or  A  =  u 


252  -  I  =  .328  for  A  «  u 


We  will  find,  however,  that  the  actual  buckling  limit 

2 
is  still  lovjer,  corresponding  to  the  condition  ac  >  b  , 

treated  in  the  next  section. 


iJiiL5j    '    '  '^'^'^^KLjil  <  Q 


n,  <<  fx  'i'y'. 


y\  •--  R  loT      c  I-^  . 


.u  >^   /;  ^o'■x 


-  f-^  L'  ri 


■jxnxX  3nx[:foiJd   I:;;.'^;>£   o'i-J-   'J^fL";    ^'isvov/ori    lOall;    Iliv;  0i7 


fj    <   0  't   no  r  "i  .t  ;;•''■  0' 
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5.   Buckling  Criteria  belovj  Limit  Strain. 
If 


6  <    2{5A-Hl) 


then 


so  that 


and 


Thus 


ac  -  b^  >  0 


ac  >  b^  >  0 


i>S-. 


V  a   I  a 

4      2 
The  roots  of  ax  -  2bx  +  c  =  0  are  then 


,    / 1  /  /•■"c    ,    b  %     ,    .    /I/    /"c        bx 
X  =  ±V2U'i  +i^  J:  M/g^ii  -I^ 


vjhere  all  sign  combinations  are  valid.     Let 


(A+2U.) 

2 

->  0   for  ac  -  b  — >  0 

(since  b  <  0  at  this  limit) 


and 


p=/|(Vl-l' 


->  C^-^^^      V(A-m)(5A+7u)   for  5  «  1 
(A+2ix)'^ 


->  ./-  -   for  ac  -  b^  — >  0 
w   a 


->.x- 


p 


II 


iiS±6^J-r  "^  .JlfA    > 


civdi 


iBd-J   oa 


Q 

0   <  "d   <   '-.;i 


o 

(.1       <      yx-^ <      ~ 


5:1C 


F. 


1       <    ^\  , 
B\  .S     V' 


cl.U 


;!T 


CLSdi   3'1£   0^0  +  "^:cci!r   -    '  X£.   xo   c;:foo';c   o<T 


I  >>   !?;  lo".      c  "I   < — 

Q 

0  < —  "a  -   OB  ''lo'x     '0  < — 

{:^hi:J:L  el/io    cfis  0  >  cf  oon/.s) 


bas 


Then 


Let 


and 
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G  =  A  cosh  a<|)  cos  pcj)  +  B  sinh  a^   sin  ^^ 

+  C  sinh  c'^   cos  p^  -h   D  cosh  a^   sin  p^ 

g'  =  (aA  +  pB)  sinh  ai»  cos  pt])  +  (aB-|3A)cosh  a^   sin  p^ 
+  (aC-l^D)cosh  a^   cos  pcj)  +  (aD-pC)sinh  a^   sin  p<|) 

g"  =  [(a^-p^)A  +  2gPB]  cosh  a^   cos  p(j) 

+  [(a^-p^)B  -  axpA]  sinh  a(l>  sin  (3(}) 
+  [(a^-p^)C  +  2a|3D]  sinh  a^  cos  pcj) 
+  [(ci^-p^)D  -  2cipC]  cosh  a<l>  sin  p<i)  . 


T    [2(A-HJL)-:\(l-e)^Ua^-S^)-u(l-e)^ 
■^  =  (7^+u)(l-e){l+e' 

=  b-u(>v+2u)(l-25)^ 
(?v-Hj,)(l-25)  Ya 


T  _  a:tg[2(7v4a>-A(l-e)^1 
•^  "    (A+u)(l-e  )(!+£) 

Vac-b 


(A-Hi)(l-25)  Va 


Then  I^  +  J^  =  1,  and 

f'  =  -  (IA+ JB)  cosh  a^   cos  ^^  +   (JA-IB)  sinh  a^   sin  ^^ 

-  (IC+JD)  sinh  a^   cos  p(t)  +  (JC  -ID)  cosh  a^   sin  p(t)  j 


cisciT 


2rii^:[l 


brie 


4'^-^  icoo    (ai-  Ot.)   -f   di-r-  two  (jc  ^rr^f3    (CIT,4- OT)    - 
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P  =   -yl  {[aHf3J)A   +   (c:J-6I)B]    slnh  a^   cos  pcj) 
+  [  (cl  +  pJ)3  -    (cJ  -  pI)A]    cosh  ao  sin  ^^ 


+  [(al  +  pJ)C  +   (aJ  -  pi)D]    cosh  a^  cos  p(i) 


+  [  (al  +  pJ)D  -    (aJ-pI)C]    sinh  ai>  sin  p(|)}    . 


Now 


FF 


II/2 
-K/2 


=   ((lA+JB)    [(aI  +  pJ)A   +   (aJ-pl)B] 


+  (IC+JD)    [(aI+pJ)C   +   (aJ-pl)D]}slnh  aH   cos^  |^ 


-   {(JA-IB)[(aI+pJ)B   -    {aJ-pl)A] 


2  pH 


-  (JC-ID)[(aH^J)D-{aJ-pI)C]}sinh  aH  sin"' | 
+  [  (IA+JB)[(aI-f^J)B-(aJ-3l)A] 

-  {JC-ID)[(aI-f^J)C+(aJ-pI)D]}cosh^  §^  sin  pH 


+  (-(JA-I3)[(aI+pJ)A  +   (aJ-pI)Bl 


2  aH 


+   {IC-hJD)[  (aI-H3J)D  -(aJ-pl)C]]sinh''  |^  sin  pH 
I    (A^  +  B^  +  C^  +  D^)    sinh  aH 

+  "I   [a(I^-J^)+2pIJ](A^-  B^+  C^-  D^)slnh  aH  cos  pH 
-   [p{I^-J^)-a:iIJ](AB+CD)    slnh  c:H  cos  pH 
+  I   (A^  +  B^   -  C^   -  D^)    sin  pH 

+  -|   [p(I^-  J^)    -   ^IJ]    (A^-B^+C^-D^)cosh  aH  sin  pH 
+  [a(I^-  J^)    +  2pIJ] (AB+CD)    cosh  aH  sin  pH    . 


4):;  riia  o;t  -iaoo    fA-dct  -   t,;o)    -  <=iCCP,  -f   !:.>)]  + 

'K,  300  c|!o  rtao:>    [G(Ici  -   l,;o)   -!-   0(Lci  +   I;:0  ]   v 

(4^1  rJ-3   4ic^  ^'nis    [0(18-1, jo)    -   C[{Lq  -i-   I;:)]  + 


-   .-  <■;{ 


woH 


S\II, 


b:\.-i- 


HP    O 

i2^ -300  H,o  lini-sf  fa(ia-i.D)  +  o(Lt]+i.D)3  (aL+oi)  -f 

[A(i,?rt..c)  -  a(LrH»)](ai-AXO  J  - 


r«(l£j-I,.w)    -!-    A(l,cf!-Iu)]{el-AL)-]   -J- 
Hcl  ftlB  %  ^rlnxGffOd^-L-)-  aCLiri-I^.,)  ]  (at.vCI)   -i- 


H-q  SOD  Ha  rln£a(^a  -'"^0  +^a  --A)ri,Ifi5-r(-I.~^I)x)]  ~ -i^ 

H£-|  aoo  H-j  dnis    (aC+o/O  [T.Ii^- (^l-^l)aj  ~ 

Kcl  nla    (-a  -   "0  -   -^d  -i-  ^A)   I  + 

I-  nte  Ha  fi3oo(^a~-0f-'i--A)    ["Gl-iS  -    {H  "^I}a]   i- + 
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Also 


GG 


H/2 
-H/2 


:  (A(aA  +  pB)  +  C(aC  +  pD))  sinh  aH  cos  ^ 

O  av 

+  (B(aB-  pA)  +  D(aD-  pO]  slnh  cE  sin  ^ 
+  {B{aA+pB)  +  C(aD-pC)}  slnh^  ^  sin  pH 
+  (A(aB-pA)  +D(aC+pD))  cosh^  ^  sin  pH 


'^+B^+C^+D^: 
,2  ^2  .  ^2  ^2^ 


=  1  (A^+B'^+C'^+D^)  slnh  aK 


+  1  (A^^-  B'^  +  C'^- D^)  slnh  all  sin  pH 


and 


V  a 


+  p(AB  +  CD)  slnh  aH  sin  pH 

-  |(A^  +  B^-  C^-  D^)  sin  pH 

-  |(A^  -  B^  +  C^  -  D^)  cosh  aK  sin  pH 
+  a(AB  +  CD)  cosh  ciK  sin  pH 


H/2 


FG 


=   (-A[(aI+pJ)A  +   (aJ-pl)B] 


-K/2 


-  C[(aI+pJ)C   +   (aJ-pI)D]}    slnh  aH   cos     ^ 
+{-B[  (al4^J)B   -    (aJ-pI)A] 

-  D[(aI+pJ)D  -    {aJ-pI)C]}    slnh  aH   sin     -^ 


+{-A[(aI+pJ)B   -    (aJ-pI)A] 


2  aH 


-  D[(aH-J)C   +   (aJ-pI)D]}    cosh     ^  sin  pH 


+{-B[(al4^J)A   +   (aJ-pl)B] 


'^  o  •<■  •  k 


"L  r*:  C 


9  ■;?, 


;d  d:^JLa    i(Cr  .  40 -')-   ^    (::Ci-ri....}A]    -^ 


:]-  r:xs  -ir^  ":ini:s    {(O^  -Qd): 


f    .      t'^ 


Ha  rua  -W^     rinoo    [(03  +  0^)0  -^    (  Acj  -  Hx;)  A }  + 


Q        ;■        c?        c        V- 


'-.e>  i^Ia   'lis  r:r:.r 


■'n  .i. 


o  r. 


:i:,    r;-t:;:     "»   (!::.La     ((lO-^y..):;   -h 


(^a- 


\  •-. 


'\3  r!.L^J     '  -     ••■  -o    ^i;.'  -I-  '-;A)  !- 


oas 


N%  ^  i.  c-  I, 


!.•  •, 'j    •-   ■  -V  i^<'-r  -i-'/  -i'-^*  ;■'" 


^  'Vi.c3   Ki2  dnxB    I'O'Ici-T.;")    -  ad^ii+Irlja  - 


[.i(lQ-L    )    -   C(T...H-I:->)]A->^ 


/-r 


isoo    [[adq-L.-o)   +   O(t.-+I>:0]a  - 


V  -o) 


]+ 
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-  C[{aH^J)D  -  (aJ-pI)C]}  slnh^  ^  sin  pH 

-  -|  (al-t^J)  (A^  +  B^  +  C^  +  D^)  sinh  aH 

-  i  (al+pJ)  (A^-  B-+  (?  -  D^)  slnh  aH  cos  pH 


-  (aJ  -  pi)  (AB+CD)  sinh  aH  cos  pH 
+  "I  (aJ-pI)  (A^+B^-  C^- D^)  sin  pH 

+  "I  (a  J -pi)  (A^  -  B^  +  C^- D^)  cosh  aH  sin  pH 

-  (al  +  pJ)  (AB+CD)  cosh  aH  sin  pH 


Making 


^a/I  ^^   =.S(A^  +  B^+  C  +  D^)  sinh  aH 


-  T(A^+  B^-  C^-  D^)  sin  pH 


+  (S-U)[(A^-  B^+  C^-  D^)  sinh  aH  cos  pH 


+  2(AB  +  CD)  cosh  aH  sin  pH] 


(T+V)[(A^-  B^+  C^-  D^)  cosh  aH  sin  pH 


-  2(AB+CD)  slnh  aH  cos  pH] 


where 


S  =au.(l-e)^+a  /|  [2(A-Hx)-u(l-e)^]-(A-u)  (1-e)  (l+e)(aI+pJ) 
T  =  -pn(l-e)^+  py'l  [2(A-lu)-A(l-e)^]-(?v-n)(l-e)(l+£)(aJ-pl) 


U  =  M,(l-e)^[a(l-I^-Kr^)  -  2pIJ] 
=  2M,(l-e)^  J(aJ  -  pi) 


'ririxa    {[C';!^-!.-^)    -   a('q^-lD)]D   - 


i-I.n  rinx a    ( "vl  +  ^0  +  '^S  +  ^'a )    ( T.q+I w)    |- 


L^-i.  aoo    '-Ic  rinxf;    (^1  -  "^0  +^S  -  "a)    (Lci-J-I.vj)    ^ 


H,:j  800    Ho  i-?n.Lr:    (CO+HA)    (Iq  -  Lr)    - 
13  nxs   Ho'iooo    ( ^d -%i  +  "S  -  ^A)    (J,-;-t,o)    i -^• 


:!;:•  nxa   lI:o  -'boo    (CIO-t-SA)    (L^^  +  ItO    - 


jfiriXJ'iBM 


^-  iai:3  {-a  +"^0  -i-^a  +  ^Ala  -  v;a  ^\  s 


C      O     O      '-^   . 

.ir|  ais  {^C  -"0  -"fi  ■f"A)T  - 


:ia  SCO  i-j  dnla  ("^Q  -^0  4--o'. 


.■V:;j(n-8)  + 


B  y 


[HQ  aia  Ki:.  -laoo  (CO  +  q/.)^ 


Ha  nxn;  Kr  '^eon  (■'■a  -"O  •^■'"i:  ~''A)1(V+T) 


p'i''  300  ■:  ;  ■^:-il^    ('^O+HA)^; 


3'iei-fw 


(lq-L.t:)(s+I)(o-X)(jn-A)-l^(9-l)A-(i-:-X)S]  f-\a  +"(0"0J4ci-  =  T 

( 


-21- 
V  =  a(l-e)^[p(l-I^+  J^)    +  aalJ] 

=  2a(l-e)^  J(al  +  pJ)    . 
Hence 

2/1  All  =   L(a2+  C^)    -1-  2M(AB  +  CD)    +  N(B^+  D^)    +  2P 
where 

L  =    (S-U)    slnh  aK   cos  pH   -    (T+V)    cosh  aK   sin  pH 

+  S   sinh  aH  -    It  sin  pH | 

M  =  (T+V)  slnh  aH  cos  pH  +  (S-U)  cosh  aH  sin  pH 

N  =  (T+V)  cosh  aH  sin  pH  -  (S-U)  sinh  aH  cos  pH 

+  S  sinh  aH  -  |T  sin  pH]  , 
and 

P  =  (C^+  D^)T  sin  pH  >  0   if  T  sin  pH  >  0 

=-(A^+  B^)T  sin  3H  >  0   if  T  sin  pH  <  0 

2 

Stability  therefore  requlest  DM  >  M  and  L,N  >  0  . 


Also 


al  +  pJ  =  a{I  +^  J) 

Ft  j.   A/ac  -  b 
=  a  L I  + 


(^-HJ.)(l-25)  /a 

-  a(?\+2u)(l-^ 
(A+a)(l-25) Va 


a[yiH  -  a(?v+2u)(  1-25)^1 


and 


/2^.2 
aJ  -  pi  =  p(-gp  J  -  I) 


=  g[  Vac  +  Li(A+2u)  (1-25)^1 
(A-Hi)(l-25)  Va 


—  rO_ 


fTIrS  +    (H  •>.'^' 


V 


(LQ  +  I.c)T-    -{s'-DjjS  = 

sonsH 


qs  +  (^G  A);;  +  ('Jo  +  ayi.)M2  -:-  (^o  +^a)j  = 


K3  i\LZ     {-o  ris.-'o    (VH-T)    -    Hci  coo   Hw  clnlz.    (U-2)    -  J 


•-I.^j  nia  T|    -   Hw  n'nia   Z  + 


Kq  nx3   Mo  ar:oo    (U-o)   +   ;i:i  aor-   Hd  rfnia    (VfT)    ^  M 


Ho  aoo   Hic  liffxa    (U-a)    -   Kfi  nla   :^d  dcoo    (VH-T)    =  I! 


,    JHr,  ilia  t!    -   Ifo  rials   8  + 


0  <  HQ  nlE  T     li:      0  <  >It;  r-lB  T(^G  +^0) 


0  >    He:  iiJ^a  T    i.t      0  <  :^G  nJts  T{^a  +"A)' 


915  iW 


bOB 


i'-   <  Yvcl   br:/5   "H   <  HJ   ■■Sz'oi'.ii'CrYS.  a-'io^i'^'i^'A-J   -cyili.iijtZ 


I    — 


iTv-  {6S~I)(xiiA) 


+     I].D   =^ 


(I   -  L 


n 


|'r~_  r"i  r  ^.-^.L  / 


■■■  / 


5ns 


Lx- 
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so  that 

U  =  ^iy«6 [^/i3   +  u(A+2m,)  (1-25)2] 

(A4a)'^(l-25) 

o 

V  =  li^i|-g [  /i^   _  u(A+2u)  (1-25)2] 

(X+u)^(l-23) 


Also 


and 


Hence 


and 


Thus 


-j/a  =    (A+2u)(l-e)(l+e) 


fc_  _    -■\/ac  _  Vac 

'*^  ^  ^      "    (A+2u)(  1-25)  [(A+2u) +27^5] 


S   =  a{u(l-25)    +  -■■'^^ 


(>v+2u)(l-25) 


^"'-^  [Vi^-u(A+2ia)  (1-25)2]} 


(A4u)(A+2ia)(l-25) 


U^+V^  = 


^^ [  ^r^  +  A(A+2u)(l-25)2]>0 

(^■fu)(A+2M,)(l-25) 


T  =  2ug ^  ^/^  -A(A+2ix)  (1-25)2] 

(A4u)(A+2u)(l-25) 


pop 

— 'Tf — ^=^ 2   ^^^    "^    ^'•^^   "^  ^    (7\+2u)    (1-25)    ] 


(A-Hj.)^(l-25) 


-   2(a2-^2)^(7,^.2u)(l-25)2Vac    } 


(A-m)2 


=  SU  -  TV    . 


-    -a 


2 

["{cS^~I)fjj2+A)jj  +   0B\.^  ] ^^er'- '-■  '-^ 

(r:-I)^(i4-A} 


[ -"^ ( c;2- 1)  ( ie+ A )  ju  -   0B\i  ]  —  •  =  V 


{f^(Sy-I)(j.!2+A)j»-^v-  1 


(os-i)(ii2+A)(xH-/:) 


o<r*^(oS-i){.u2-KO/: 


•>£V    i 


Oij--^ 

(c5-I)(j.t>/0  (lit- a) 


[^(eQ-i)(iS+/0/:-  b.e\  1 


ciXiS 


■  c'?--I)(ii2^A)(i*4-/f) 


.-,"  r 


si  A 


(s-h.L)(9-I){ij2+/0     ==    ^f 


^-L){iS-rA) 


j3 


0_\ 


—  -i-  (i:s-x)j.}}'5  -  s 

{3S-I)(jlS+A) 


bfiB 


Boaeii 


^llii 


[^e2~I)^(x;3-i-A)-JJ  +  osK^Q+^c)}  ^^— ^-^-^^- 


s.U'lT 


(    oliV"^(e2-I)(i;S+A)l|{-c>^Xi)S    - 


(oS-I)'  (jtf'O 


.-a) 


VT 
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Now,  for  H  — >  oo ,  we  have: 


L  — >  e°^^[S  +  (S-U)  cos  pH  -  (T+V)  sin  ^K] 


>  e^'^^fS  -  V(S-U)^+(T+V)^  ] 


N  — >  e°^^^[S  -(S-U)  cos  pH  +  (T+V)  sin  |3li] 


>   e°^[S  -  V(S-U)^+(T+V)^  ] 

M — >  e°'^[(T+V)  cos  pH  +  (S-U)  sin  pH] 

LN-m2_>  e^^^fS^  -  [(S-U)2+(T+V)^]) 

=  e^'^[2(SU-TV)  -(U^+V^)-T^] 

=   e^^[(U^+  V^)-  T^l  . 

p 

For  stability,  we  require  LN  >   M  and  L,N  >  0.   Prom  the 

preceding,  the  first  inequality  insures  the  second. 

Hence  the  criterion  for  stability  of  a  column  of  infinite 

depth  is: 

(U  +  V  )  -  T  >  0 

or 

^-^2■,2 


or 


or 


i{a^(A+2u)^(l-25)^  Va?  >  [  Va^  -A(?v+2u)  (l-2o)^] 


2(A+2u)^(l-25)^[c  +  b  /■!]>  ac  -  2A(?v+2ix)  (1-25)^  /  ac 

Y  a  /y 

+  A^(A+2u)^(l-2o)^ 

2 (A+2n)  (1-25)^^1   [?va+(7v+2u)b]    >   c[a-2(A+2u)^(l-25  )^] 

+  A^(A+2ia)^(l-2o)^ 


:  9V£r{   9V/    t  OO    <—  H   1'- 


f'-iq  nxa    (VH-T)    -   Hq  eco    (U-8)  +  E]^'%  < — J 


[    '(V+T)+^(U-E)V   -   Bl'^S     < 


Via  aia    (VH-T)   +  HSi  aoD    (U-3)-   2l"^-'e   < —  Ii 


r   ^(\M-T)+'  .  .^   -  p^f-^e     < 


'  H.o 


VnP,  nia   (U-8)  -f  :iq  aoo    (V+T)  ]"-^e   < — I-l 

.bficosa  arid'  bsiu^-ix   vyTi  •  :{ 

elli-it'lal  1Q  nmuloo  3  lo   <iji:IJ:.:'B-ia  -lo'l  nol':i9d-i:'-j:o   odcJ-  sonsH 

:eJ:  ^i:}qsb 
0  <  .^T  ~   (V  -:-"U) 

'•10 
rF-,  ^(52-.I)(jljS4-A)>{S  -   OS  <[J\,cf +  o]"('?2-X)-'(j.!S-kOS 


f 


^(es-x)^(iis+A)"/^  + 


10 


[^{G2-I)^(\i!2+A)S-£lo   <    [d(  jj2^-/: )+BAl   |\j.^(  62~I)  (^2^••X)2 


^{(:;2-i)^(j42+A)^A'  + 
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or 

(A+2a)  4/^0  [  (A+2ll)-o(A+Tll)-2o^(3A-u,)] 

>  -'\/a[M.(X+2tJ,)-5(A+2ii)(A+7u)+25^{A^+9'Au+12u^)l 

The  critical  value  is,  therefore  a  root  of: 

( ■K+2\i )  [  ( ■h+2[i )  -5  ( A+7U )  -2o^  ( 5A-U )  ]  ^[  ( A+2u )  ^-25  (  A^+6?mx+6u^  )  ] 

=   [(A+2a)+2A5][ix(A+2u)-o(?\+2u)(?\+7u)+26^(?v^+9Au+12u^)]^ 
or 

l65^(5'X^+37A\+73A^u^+5SAM."+6u^)-l65^(X+2u)(7\^-SA^a-42-Xu^-l4ii^) 

-  45^(?n+2m.)  (97v^+67?v^a+91?va^-31u^)+85^(A+2n)^(A^-2?su-17u^) 
+  45(A+2u)^(A^+8?\u+13[i^)  -  (A+2u)^(A+3a)  =  0 
For  A  >>u,  the  positive  roots  are: 

5  =  .283,  .380,  and  -i 

The  larger  tiifo  roots  must  be  ruled  out   since,    for  5  >   3/10, 

p 

we  have  b  -ac  >  0.   It  is  easj'-  to  verify  that  the  first 

root  is  the  actual  critical  value. 

For  A  =  u,  the  positive  roots  are: 

5  =  y§  ,  .342,  and  .343  • 

The  larger  tvjo  roots  must  again  be  discarded  since,  for 

p 

5  >  .316^  b  -  ac  >  0 . 

For  A  <<  11,  the  positive  roots  are: 

5  =  .303,  -323,  and  -|   . 
Here  only  the  largest  root  must  be  discarded  to  keep 


10 

:'io   jooi  fi  s'-iolo'-x&ri.j    ^ej:   si.'Cbv   I.Goi:;-j:io   enT 

^  [  (  ^JjSi-;-i!X(;+^/  )  " -2-!-  (  .■■-"+/:  )  ( ,U2+A  )  0-  {  JL'f^-fA  )  JU  ]  f  «/C£-t-  {  J-il2+A  )  J     = 

10 

:s'"J:.c   crj'oo'i  evi.j'j.fioq  p-(d"    ^.u<<  A   'loTi 
^GI''<   <   c  "^o'i    , soars   ocio   bz^l^j").  eo   -Jaum  rri-oori  v:uj   'j:ev:'X£.r  srIT 

le-vs   8"Joot:  svJioIaoq  9:1:^    ^j.i  ~  A   •"~io'^; 
■■■'-"-■       b~i'-;      ^■^''"'^  ^■■—  -    ' 

•_'  X 

.0    <    0  6    -     0     ^^'i-'C.     <    <5 
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2 

ac  >  b  .  However,  the  .3:23  root  is  extraneous,  introduced 

by  the  squaring  during  the  derivation  of  the  final  equation 
The  values  of  e  are  obtainable  from  the  relation: 

e  =  1  -  VT^ 

and,  therefore,  the  critical  strains  for  infinitely  deep 
sections  are: 

e  =  .344  for  ?v  »  u 

=  .368  for  X  =  u 

=  .372  for  A  «  u  . 

These  values  are  considerably  below  the  limit  of  e  =  1/2 
for  all  ratios  of  A  to  (i  obtained  using  the  standard 
strain  energy  formula. 

6.   Evaluation  of  Bucklinp  Strain  for  Small  Sections. 
For  H  and  5  small,  we  have 

,2 


"/ac  — >  (?^+2u)' 

so  that 

T  >  0  , 

V  >  0  , 

also 

sin  p,H  >  0 
and 

N  =  T(cosh  aH-1)  sin  pH  +  S  sinh  aH  (1-cos  pE) 

+  V  cosh  aH  sin  pH  +  U  slnh  aH  cos  pK  >  0  . 

The  condition  for  stability  Is,  therefore. 


:ocx.KgX£1  arlctmoTi  eXcfjsnXedo'o  &ib  e  1o  ssuIbv  orfT 


6S-iy    -•  I   =-•  9 

:5i&  snoxtoaa 

a  =  ,<:     rrol     8?'f,    = 

S\I  ==  a  lo  dirnti  3f^:r  wolscf  ylJ  ■  e-rs  ^ 


iLtii   oa 


t   C   <  T 
.    0  <  V 


0  <  Hei  nts 
.    0  <  Hq  sc     '     .-[nils  U  -t-  HQ  ale  Hjo  fiaoo  V  + 
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LN  -  M^  >  0 


Let 


K  =  P  slnh  gH  -  a    sin  pH 
p  slnh  aH  +  a  sin  pH 


Then 

0  <  K  <  1  , 

and  the  condition  for  stability  becomes: 
(S  slnh  ciH  -  T  sin  pH)^ 

>  [  (S-U)^+(T+V)^]  (slnh^aH  cos^pH  +  cosh^aH  sln^pH) 
=  [(S-U)^+ (T+V)^]  (slnh^  aH  +  sln^  pH)  . 


But 


slnh  gH  _  a(l+K) 
sin  pH    pTT^ 


making  the  stability  condition: 

[aS(l+K)-pT(l-K)]^  >  [(S-U)2+(T+V)^][a^(l+K)^4p^(l-K)^] 


or 


[(aS+pT)^  -  (a^+P^)  [(S-U)^+(T+vf]}K^ 

+  2{(g^S^-pV)  -  (a^-  P^)[(S-U)^+  (T+V)^]  }K 

+  {(aS-pT)^  -  (a^+  p^)  [(S-U)^+  (T+V)^]  )  >  0 

Now 

(gS  +  PT)^  -  (a^+  P^)  [  (S-U)2  +  (T+V)^] 

=  {a^+  P^)  [2(SU-TV)-(U^+V^)]  -  (pS  +  gT)^ 
^   l6uVp^(g^4P^)-^/i^   ,  (pg  :p^^)2  ^ 


■1.  :3" 


0  <  -"ii 


-    liJ 


he    liXS     D  +    ajj   11.  i.6     ■' 


,    I   >   71 


->  =^  }i 


:teJ 


nsrfT 


91110090   \;d'J:IidB:ta   i"Ol   aoXJibaao   odi   brifi 


•^{Ha  nxs  T  -   ;io  i-'niG  a) 


{H-r^Ia  Es/^risoo+li^ROo   HA^'-Iaxs)  i:-=(V^(-T)-!-"(U"o)  j 


^  h  :;      ax  3 


-!-    -.iXi 


-nalc:)     [^(V-l-T)  ^-^fiT-E)1    - 


:rua 


/  — 


.-vcij-ib:: '^0  v.jjiXiciBvts   or!:;-   rtnirrfjuiTi 


o        r^ 


["{■:^-i. ) -ft+- {ji+i)-'-^r'iv+r)-i-'' ( u-o)  ]  <  " [ (}i"X)T  v(:m-: ) ^^x)] 


{^Xv+^n-^'"{'j-5)]  (^:;^-"xi)  --{T:>;3-)j 


f-(V-fT)    -l-'-(II-2)](\^  --'•-) 


0   <  [["^(V^i-T)   -i-^(U-8:T    (^.   +^:.)    -   -(T£;-or;)] 


vcoH 


S.rr 


['■(V^-T)  ^-  "^(U-a)]    (-^ci  +^£)    -  ^(Ta  ±  8d) 


^/rp 


iuhA) 
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Also 


ad    <      m  4iiag  vac 

PS   +  ^-^  =    (A-Hx)U+2u)(l-25) 


and 


(a^S^  -  pV)    -    (a^-  p^)[(S-U)^+   (T+V)^] 

=    (pS-aT)  ((3S-<ttT)    +   (a^-p^)[2(SU-TV)-(U^-  V^)] 
=    (pS-aT)(pS4c..T)    +  l6u^a^p^(a^-p^),/iH 

The  stability  condition  may  thus  be  written  as: 

[  0-7^^(1-25  )^]K^+  2[|+-^-^]^/^  K  +  [1 J^ p]c  >  0, 

^  ^"^^^^  (A+2m.)^(1-25)^ 


or 


M. ( A+2ix)(  1-26  )( 1-36  )K^+  (?v+2u)[(A+2tJ.J-5(A+7|x)-25^(3A-ii)]K/| 

'V 

-  5[(A+2a)^  -  25(A^+67vU+6n^)]  >  0  . 


Expanding  K  as  a  power  series  in  H,  we  find: 

,    2_^2,    H^   n     ,2  ^2.    H^        /    ^^2^2^^,    11  H^  ■, 

K  =   (a   -ffi    )  ^2   Ll-(a    -p    )  ^  -    (a   -ta  p   +p    )  -g^gQ ...] 

p     p  p  li 

E'^   /c   r.      b  H^        rl£  4.  o^    11  Fr  , 

'  12  V  a   ^  •^■*  a  30   "    ^  a    ■*■  ^2 '    2520      "    •  •  •    J 


Now 


^  =   1   _   26(A-m)(A+3u)    _  25^(X-m)  (A^+3Ali+4u^) 
^  (A+2u.)^  {■K+2\ip 


c   ^  1   _   ^5(A-Hi-)(?v+3u)    _   85^A(A-tiJ,)  i^+Jy.) 
^  (7v+2u)^  (A+2u)^ 


(cli- 


T3  -  ^a 


OS  I A 


(-2-1; 


-aT 


T.r.  + 


On.B 


O      Q  O      I."* 


r-(vM-T)   ^>(U-:^)^(^^.,  ~^o)    -    ("T^?]  •-   'C\o) 


[( 


.^ o       c;;       C    Q    C    ^ 

■^  /       .    I-  •> 


oB  rre:f-;.Ltv:  3Cj   bv<:1   viin';  noloxono.-   x;-.' j:Ij:c£;j  a   a^lT 


£.'  V,  [  ( j,.,<:;.  )  -  as-  ( j.>74-^ )  0  -  :  -.i'S+zC )  1  ( .uS+A  )    +■':■'  (  f^  -I )  (  o2~I )  (  x:-+.^ )  jj 


r  { "'j/'-fjuxe -'■".': }  "s  -  "  i  jjc-^-a  )  ]  o  ~ 


■-r    r 


C    '~*        ,'i 


._i^±.    f  ^:u|--':-^r^' 


-1^  Q  ^  •-  ,     . 


.■  \>  c  r 


fi 


(a;-HA)(-^A).^"^?^ 


•.  ,'M-^--A  ; 
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Let  H^/12  =  A^5  +  AgS^  +  A^5^  + 
stability.   Then 


.  at  the  limit  of 


K 


a     1       251       (A+2u)^    ^ 


y 

2      22 

K  =  S'^A^  +  .  .  .  . 

Substituting  into  the  stability  condition  (with  an 
equality  instead  of  an  inequality  sign  so  as  to  corres- 
pond to  the  critical  limit),  and  considering  successive 
powers  of  5,  we  find: 


A,  =  1 


^{A+2^)A?  +  (A+2u)2[A.-  I  a2.  ^H^^)(^^^-^)    a  ] 
^  ^   t?   J-     (a+2ll) 

-   2(>v+2u)(>v+7[J.)A^  +  2(A^+6>u+6|i^)  =  0  , 

22A  +  65u 


so  that 


But 


^2  ~  5(>v+2u) 


5  =  e  - 


Hence 


H 


e^.2 


-^  =  A,(e-  -I-)  +  A^{e-  |-)^  +  A,(e-  |-)-  +  ... 


12 


A^e  +  (A^-  o^)e^  +  (A^-  A2)e^  +  ... 


v^v-  .  ^2   2 

If  Inverted,  we  express  e  as  a  series  in  powers  of  H  /12: 

'5'12' 


e  =  B.  ~  +  Bo(^)   +  B,(^)''  +  .  .  .  . 


2 


'1  12   ^2^12' 


.   . . ,  +  j-A  o  "    :■! 

-53'-x':-oo  oj   SB  OR  nals  sjo .t Xswpsi'i i  n.B  'io  i'    kULblsp-^ 

"■-  "(J.S+A)  -'      ■"      " 


0  -    {^xr:-f-iiAaJ-^^)Q  -i-    ^AdfiW- 0  ( .'C-^  A)S      - 


-7S-    -     t     ^=    i; 


i&di    03 


;.rcia 


sofisH 


.     ...   +    -aC^A  -^/^}  +   -■■9(-7?  -,^A)   +  9pA   - 
o 


Then 
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1  =  A,B-L 


A,        2 
0  =  B^CAg  -  — )  +  BgA^ 


so  that 


^1  =  r^  =  1 

in  agreement  with  the  evaluation  using  the  standard 
energy  formula .  However 

^1       ^1 
^2  =  "  72  ^^2  "  2"^ 

39A  +  128n 
10(A+2ii) 


~   for  A  »  u 


^=4k     for  a  =  u. 


=  -  -^   for  A  «  u 

which  are  considerably  more  negative  than  the  value 
-7/5  obtained  from  the  standard  energy  formula.   Thus, 
as  expected,  the  Murnaghan  strain  energy  density 
formula  leads  to  smaller  values  of  strain  causing 
buckling  of  a  column  than  does  the  standard  formula, 
but  for  thin  columns  where  buckling  occurs  at  very  low 
values  of  strain,  both  formulae  yield  the  Euler  value 
as  a  limit. 


'^Q^ 


nadT 


A 

o  r 

■'A    ri    -r     {- --         I    )     P    r-    n 


CtBflci-    05 


JlI    <--•    A    'lO'I 


.U     -~     A 


•J    >>     X    ^ol 


OX 


r^  rr 


•3/jIcv   arid-   n£,i.i'   evJcoBaan  D'jCiTi  \':Ici,oi3bi:3fioo   0''aS   :loJ:;iv/ 
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Pootnotes 

1  See,  i^'or  example,  "Theory  of  Elastic  Stability" 
by  S.  Tlmoshenko,  McGraw-Hill,  New  York,  I956. 

2  "Determination  of  Buckling  Criteria  by  Minimization 
of  Total  Energy"  by  Samuel  Lubkin,  Report 
IM-NYU-241,  Institute  of  Math.  Sci.,  New  York 
Univ.,  1957. 

3  As  stated,  for  example,  in  "A  Treatise  on  the 
Mathematical  Theory  of  Elasticity"  by  A.E.K.  Love, 
Dover,  New  York,  1?44,  p.  102 

k  "Plane  Strain  Problems  for  a  Perfectly  Elastic 

Material  of  Harmonic  Type"  by  Fritz  John, 
Communications  on  Pure  and  Applied  Mathematics, 
vol.  XIII,  No.  2,  May  I96O. 

5  "Finite  Deformations  of  an  Elastic  Solid" 

by  F.  D.  Murnaghan,  John  VJiley  +  Sons,  New  York, 

1951. 

6  "The  Compression  of    39  Substances   to  100,000 

o 

kg/cm  "  by  P.  W.  Brldgeman,  Proc .  American 

Academy  of  Arts  and  Science,  vol.  76, 
pp.  55-70  (1943). 

7  In  that  it  involves,  in  simple  form,  invariants 
of  the  matrix  tj  =  pp  instead  of  e  =  ypp 
(notation  of  Fritz  John,  op.  cit . )  .   Plowever,  the 
present  paper  as  well  as  the  author's  attempt  to 
use  it  in  other  applications  indicates  that 
mathematical  manipulations  are  generally  more 
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The  John  Hopkins  University 
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Prof.  Morris  Kline 
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TRG,  Incorporated 
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Melville,  New  York  11749 

Att:   Dr.  Jack  Kotik  (1) 

Prof.  H.  C.  Kranzer 

Department  of  Mathematics 

Adelphl  University 

Garden  City,  New  York  (1) 

Director 

National  Security  Agency 

Fort  George  G.  Meade 

Maryland 

Att:   Dr.  M.  Kupperman,  R4l    (1) 

State  University  of  Iowa 

Iowa  Inst,  of  Hydraulic  Research 

Iowa  City,  Iowa 

Att:   Prof.  L.  Landweber       (1) 


Prof.  Peter  Lax 

Courant  Inst,  of  Math.  Sciences 
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Princeton  University 
Department  of  Mathematics 
Princeton,  New  Jersey 
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University  of  California 
Berkeley,  California 
Att:   Hans  Lexvy 
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Prof.  M.  H.  Martin 

Inst,  for  Fluid  Dyn.  and  App.  Math, 

University  of  Maryland 
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National  Applied  Mathematics  Lab. 
Washington  25,  D.  C. 
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Director 

Naval  Research  Laboratory 

Washington,  D.  C. 
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Prof.  Louis  Nlrenbei'g 

Courant  Inst,  of  Math.  Sciences 
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Office  of  Naval  Research 
Department  of  the  Navy- 
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Coirananding  Officer 

ONR  Branch  Office 
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Boston,  Massachusetts  (1) 
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Commanding  Officer 
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ONR  Branch  Office 

1030  East  Green  Street 

Pasadena,  California  9IIOI    (1) 

Commanding  Officer 

ONR  Branch  Office 

1000  Geary  Street 

San  Francisco,  California      (1) 
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Purdue  University 
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Prof.  R.  S.  Rivlln 
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Stanford  University 
Department  of  Mathematics 
Stanford,  California 
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Prof.  J.  J.  Stoker 
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251  Mercer  Street 
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Mr.  John  Todd 
Department  of  Mathematics 
California  Inst,  of  Technology 
Pasadena,  California  9IIO9  (1) 
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Commander 

U.    S.    Naval   Oceanographic   Office 

Washington,    D.    C.      20590 

Att:      Library   (Code   l640)  (1) 

U.  S.  Naval  Postgraduate  School 

Monterey,  California  93940 

Att:   Library  (Code  0384)      (1) 

U.  S.  Naval  Weapons  Laboratory 

Dahlgren,  Virginia 

Att:   Library  (1) 

U.  S.  Navy  Electronics  Laboratory 

San  Diego,  California  92152 

Att:   Library  (1) 

U.  S.  Navy  Underwater  Sound  Lab. 

Fort  Trumbull 

New  London,  Connecticut        (1) 


University  of  California 
Numerical  Analysis  Research 
405  Hilgard  Avenue 
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Att:   Librarian 
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Courant  Inst,  of  Math.  Sciences 
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Massachusetts  Inst,  of  Technology 

Department  of  Mathematics 

Room  2-247 

Cambridge,  Mass.   02139      (D 


Office  of  Naval  Research 
Washington,  D.  C. 
Att:   Code  438 
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Director, 

U.  S.  Navy  Underwater  Sound  Lab. 

P.  0.  Box  8337 

Orlando,  Florida 

Att:   Code  120    '  (l) 

Dr.  F.  J.  Weyl 

Deputy  Chief  and  Chief  Scientist 
Office  of  Naval  Research 
Washington,  D.  C.  (1) 

Prof.  C.  H.  Wilcox 

Mathematics  Research  Center 

U.    S.    Arroy 

University  of  Wisconsin 

Madison,  Wisconsin  5370^      (1) 


Woods  Hole  Oceanographic  Inst. 
Woods  Hole,  Massachusetts  02543 
Att:   Reference  Room  (1) 
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